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Abstract
We consider weighted Fréchet spaces of holomorphic functions which are defined as countable intersec-
tions of weighted Banach spaces of type H∞. We study when these spaces have Stefan Heinrich’s density
condition and when they are distinguished.
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1. Introduction
Spaces of holomorphic functions with weighted sup-seminorms arise in linear partial differ-
ential equations, convolution equations, distribution theory and representation of distributions as
boundary values of holomorphic functions, complex analysis in one and several variables and
spectral theory and the holomorphic calculus. In recent years there has been much interest in
distinguished Fréchet spaces, i.e. projective limits of a sequence of Banach spaces such that their
strong dual is the inductive limit of the strong duals of the Banach spaces. Closely connected to
the property distinguished is the so-called density condition which in case of the Fréchet space
means that the equicontinuous sets are metrizable. In general distinguishedness is weaker than
the density condition but in many important examples they are equivalent.
This article deals with the weighted Fréchet spaces of holomorphic functions HW(G) re-
spectively HW0(G). For an increasing sequence W = (wn)n∈N of strictly positive continuous
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E. Wolf / J. Math. Anal. Appl. 329 (2007) 530–546 531functions (weights) on an open subset G of CN , N  1, we consider the projective limit of
the Banach spaces Hwn(G) := {f ∈ H(G); ‖f ‖n := supz∈G wn(z)|f (z)| < ∞} respectively
H(wn)0(G) := {f ∈ H(G); wnf vanishes at ∞ on G}, n ∈ N. We give a necessary condition
for Stefan Heinrich’s density condition (see [4,17]) in terms of the weights and their associated
growth conditions (which were mentioned by Andersen–Duncan in [1] and studied thoroughly
by Bierstedt–Bonet–Taskinen in [9]). Using the classW of radial weights on the unit disk which
was introduced by Bierstedt–Bonet in [7] we can then show that this condition is also sufficient.
Moreover, we give examples of non-distinguished Fréchet spaces HW(G).
The density condition and distinguishedness were studied for Köthe echelon spaces by
Bierstedt–Bonet [4], Bonet–Díaz [11,12] and Vogt [32]. For weighted spaces of continuous func-
tions Bastin [2] showed that these are equivalent properties which are satisfied if and only if the
sequence of weights satisfies condition (D) of Bierstedt–Meise [10]; for details we refer to [10].
Let us explain how this article is organized. Section 2 gives the necessary notation and def-
initions. Section 3 consists of two parts. In the first part we give a necessary condition for the
density condition. In the second part we restrict to the classW of weights on the disk to show that
this condition is also sufficient. Section 4 is devoted to the study of non-distinguished Fréchet
spaces of type HW(G).
2. Notation
Our notation on locally convex spaces is standard; see for example Jarchow [22], Köthe [23],
Meise–Vogt [27] and Pérez-Carreras–Bonet [28]. For a locally convex space E, E′ is the topo-
logical dual, E′b the strong dual and E′i the inductive dual. If E is a locally convex space, U0(E)
and B(E) stand for the families of all absolutely convex 0-neighborhoods and absolutely convex
bounded sets in E, respectively.
A metrizable locally convex space E with a basis (Uk)k∈N of closed absolutely convex
0-neighborhoods has the density condition if for every sequence (λk)k∈N of strictly positive num-
bers and every n ∈ N there are m > n and a bounded subset B in E with
m⋂
k=1
λkUk ⊂ B +Un.
The density condition was introduced by Heinrich in [17] during his studies of ultrapowers of
locally convex spaces and thoroughly studied by Bierstedt–Bonet in [4]. They showed that a
metrizable locally convex space E has the density condition if and only if every bounded subset
of the strong dual of E is metrizable (see [4, Theorem 1.4]). Bierstedt–Bonet [5] also formulated
a dual version of the density condition. They studied it mainly in the setting of (DF)-spaces.
Let E be a locally convex space with a countable basis (Bn)n∈N of bounded sets. Then E has
the strong dual density condition (respectively, the dual density condition) if for each decreasing
sequence (λk)k∈N of strictly positive numbers and for each n ∈ N there are U ∈ U0(E) and m n
with
Bn ∩U ⊂ Γ
(
m⋃
j=1
λjBj
) (
respectively, Bn ∩U ⊂ Γ
(
m⋃
j=1
λjBj
))
.
Bierstedt–Bonet showed that a (DF)-space E has the dual density condition if and only if each
bounded subset of E is metrizable.
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tion of distinguished spaces is due to Dieudonné–Schwartz. Grothendieck showed that a Fréchet
space E is distinguished if and only if E′b = E′i and that each Fréchet space with the density
condition is distinguished. In general the converse is not true.
The question of the inheritance properties of the density condition under formation of injective
tensor products led to the stronger property density condition by operators (DCo) which is due
to Peris–Rivera. See [29,30].
A Fréchet space E has (DCo) if there is a 0-neighborhood base (Un)n∈N in E with:
There is B ∈ B(E) such that for every m ∈ N and every B ′ ∈ B(E) we can find λ > 0 and
P ∈ L(E,E):
(i) P (B ′) ⊂ Um and (ii) (id − P)(B ′) ⊂ λB.
In the sequel G denotes an open subset of CN , N  1. The space H(G) of all holomorphic func-
tions on G will usually be endowed with the topology co of uniform convergence on the compact
subsets of G. Let W = (wn)n∈N be an increasing sequence of strictly positive continuous func-
tions on G. For every n ∈ N the spaces
Hwn(G) :=
{
f ∈ H(G); ‖f ‖n := sup
z∈G
wn(z)
∣∣f (z)∣∣< ∞} and
H(wn)0(G) :=
{
f ∈ H(G); wnf vanishes at ∞ on G
}
endowed with the norm ‖ · ‖n are Banach spaces. The weighted Fréchet spaces of holomorphic
functions are defined by
HW(G) := projn Hwn(G) and HW0(G) := projn H(wn)0(G).
For each n ∈ N, let Bn, respectively Bn,0, be the closed unit ball of Hwn(G), respectively
H(wn)0(G), and Cn := Bn ∩ HW(G), respectively Cn,0 := Bn,0 ∩ HW0(G). By Bn, Bn,0, Cn,
Cn,0 we denote the co-closures of the corresponding sets. The sequence ( 1nCn)n∈N, respectively
( 1
n
Cn,0)n∈N, constitutes a 0-neighborhood base of HW(G), respectively HW0(G). Without loss
of generality we may assume that (Cn)n∈N, respectively (Cn,0)n∈N, is a 0-neighborhood base.
Put
W := {w :G → ]0,∞[; w continuous on G, wnw is bounded on G ∀n ∈ N},
and Cw := {f ∈ HW(G); |f |w on G}, respectively Cw,0 := Cw ∩HW0(G), w ∈ W . We write
Cw and Cw,0 to refer to the co-closure. (Cw)w∈W , respectively (Cw,0)w∈W , is a fundamental
system of bounded subsets of HW(G), respectively HW0(G). Each Cw is absolutely convex and
co-compact. (See [6, Section 3.A].)
Let v be a weight on G considered as a growth condition in the sense of [9]. Its associated
growth condition is defined by
v˜(z) := sup{∣∣g(z)∣∣; g ∈ H(G), |g| v}, z ∈ G.
A weight v on a balanced domain G ⊂ CN , N  1, is said to be radial if v(z) = v(λz) holds for
every λ ∈ C such that |λ| = 1. On a balanced open subset G of CN , N  1, each f ∈ H(G)
has a Taylor series representation about zero, f (z) = ∑∞k=0 pk(z), z ∈ G, where pk is a k-
homogeneous polynomial (k = 0,1, . . .). The series converges to f uniformly on each compact
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(n = 0,1, . . .); that is,
[
Sn(f )
]
(z) = 1
n+ 1
n∑
l=0
(
l∑
k=0
pk(z)
)
, z ∈ G.
Each Sn(f ) is a polynomial (of degree  n). Moreover, we have |Snf |  |f | on G for every
n ∈ N0 (see [8]) and Sn(f ) → f uniformly on every compact subset of G (f ∈ H(G) arbitrary).
Bierstedt, Bonet and Galbis (see [8]) used Cesàro means to show that if W = (wn)n∈N is
an increasing sequence of non-negative continuous and radial functions on a balanced open set
G ⊂ CN , N  1, such that HW0(G) contains the polynomials, then Bn,0 = Bn and Cn = Bn
hold for every n ∈ N. For examples of weighted Fréchet spaces of holomorphic functions we
refer to [33].
3. The density condition
In this section let G be balanced open subset of CN , N  1. First, we give a necessary condi-
tion for the density condition in HW(G).
Proposition 1. Let W = (wn)n∈N be an increasing sequence of strictly positive continuous radial
functions on G such that HW(G) contains the polynomials. If HW(G) has the density condition,
then the following holds:
For every sequence (λk)k∈N of strictly positive numbers and every n ∈ N there are m > n and
w ∈ W such that(
min
1km
λk
wk
)∼
w + 1
wn
on G. (1)
Proof. Let HW(G) satisfy the density condition. By definition, for every sequence (λk)k∈N of
strictly positive numbers and every n ∈ N there are m > n and w ∈ W with
m⋂
k=1
λkCk ⊂ Cw +Cn ⊂ Cw +Bn.
We claim
⋂m
k=1 λkBk ⊂
⋂m
k=1 λkCk .
We fix f ∈⋂mk=1 λkBk . Since each Cesàro mean Slf , l ∈ N0, of (the partial sums of) the
Taylor series is a polynomial and hence an element of HW(G) we obtain Slf ∈ (⋂mk=1 λkBk) ∩
HW(G) =⋂mk=1 λkCk for every l ∈ N0. Moreover, Cw is co-compact and Bn is co-closed. Hence
Cw +Bn is co-closed and we get
m⋂
k=1
λkBk ⊂
m⋂
k=1
λkCk ⊂ Cw +Bn. (2)
It is enough to show that (2) implies (1). For this we fix f ∈ H(G) with |f |  min1km λkwk .
Then f is contained in
⋂m
k=1 λkBk and hence in Cw +Bn by (2). Thus f = g1 +g2 with g1 ∈ Cw
and g2 ∈ Bn. We get |f |  |g1| + |g2|  w + 1wn on G. If we take the supremum over all f ,(1) follows. 
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W = (wn)n∈N and not also on the weights w ∈ W .
Proposition 2. (1) implies the following condition:
For every sequence (μk)k∈N of strictly positive numbers and every n ∈ N there are m(n) > n
and (μ(n)k )k∈N with μ
(n)
k > 0 for every k ∈ N such that(
min
1km(n)
μk
wk
)∼
 min
1ks
μ
(n)
k
wk
+ 1
wn
on G for every s ∈ N. (3)
Proof. First, we fix a sequence (μk)k∈N of strictly positive numbers as well as n ∈ N, select
m > n as in (1) and put m(n) := m. By (1) we can find w ∈ W such that (min1km μk/wk)∼ 
w + 1/wn on G. For w there is a sequence (μ(n)k )k∈N of strictly positive numbers with w 
min1ks μ(n)k /wk on G for every s ∈ N. Hence we obtain(
min
1km(n)
μk
wk
)∼
w + 1
wn
 min
1ks
μ
(n)
k
wk
+ 1
wn
on G for every s ∈ N. 
Lemma 3. (Bierstedt–Bonet [5]) Let E be a (DF)-space with the dual density condition. Then
F = E′b satisfies the density condition.
Proposition 4. Let Cw = Cw,0 for every w in a subset A of W such that (Cw)w∈A is a funda-
mental system of bounded sets in HW(G). Then the following are equivalent:
(a) HW(G) has the density condition.
(b) HW0(G) satisfies the density condition.
Proof. By [6, Proposition 10], HW(G) and HW0(G)′′bb are topologically equal.
(a) ⇒ (b). This is [29, Corollary 3].
(b) ⇒ (a). This follows from [5, Theorem 1.5]. If HW0(G) has the density condition, then
HW0(G)′b enjoys the dual density condition. Lemma 3 yields that HW0(G)′′bb = HW(G) has the
density condition. 
For examples when the assumptions of Proposition 4 are satisfied see [8,20,33]. In the sequel
we will show that under some additional assumptions the obtained necessary condition is also
sufficient. For this we need the following construction introduced by Bierstedt–Bonet in [7]. Let
W be a class of strictly positive continuous radial weights v on the unit disc D which satisfy
limr→1− v(r) = 0 and for which the restriction of v to [0,1) is non-increasing. We suppose that
the class W is stable under finite minima, finite maxima and under multiplication by positive
scalars.
Next, we assume that there is a sequence Rn :H(D) → H(D), n ∈ N, of linear operators
which are continuous for the compact open topology and such that the range of each Rn is a
finite-dimensional subspace of the polynomials. It is also assumed that RnRm = Rmin(n,m) holds
for each n,m with n = m and that for each polynomial p there is n such that Rnp = p, from
which it follows that Rmp = p for each m n. Moreover, we suppose that there is c > 0 such
that sup|z|=r |Rnp(z)| c sup|z|=r |p(z)| for each n, each r ∈ (0,1) and each polynomial p.
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conditions are satisfied by the class W :
(P1) There is C  1 such that for each v ∈W and for each polynomial p:
1
C
sup
n
(
sup
|z|=rn
∣∣(Rn+2 −Rn−1)p(z)∣∣)v(rn)
 ‖p‖v C sup
n
(
sup
|z|=rn
∣∣(Rn+1 −Rn)p(z)∣∣)v(rn).
(P2) For each v ∈W there is D(v) 1 such that for each sequence (pn)n∈N of polynomials of
which only finitely many are non-zero:
sup
z∈D
∣∣∣∣∣
∞∑
n=1
(Rn+1 −Rn)pn(z)
∣∣∣∣∣v(z)D(v) supk
(
sup
|z|=rk
∣∣pk(z)∣∣)v(rk).
The main example forW is the set of all the strictly positive continuous radial weights v on D
which satisfy limr→1− v(r) = 0, are non-increasing on [0,1), and such that there are ε0 > 0 and
k(0) ∈ N with the following conditions:
(L1) infk v(rk+1)v(rk)  ε0,
(L2) lim supk→∞ v(rk+k(0))v(rk) < 1 − ε0.
In this case, Rn is the convolution with the de la Vallée Poussin kernel, i.e. for a holomorphic
function f on D, f (z) =∑∞k=0 akzk , we have
Rnf (z) :=
2n∑
k=0
akz
k +
2n+1∑
k=2n+1
2n+1 − k
2n
akz
k.
In fact, Rnf is nothing but the arithmetic mean of the partial sums of index 2n, . . . ,2n+1 − 1 of
the Taylor series of f . The conditions (L1) and (L2) form a uniform version of the conditions
introduced by W. Lusky in [24,25], and they also appear in the sequence space representations
for weighted (LB)-spaces given by Mattila, Saksman, Taskinen [26]. Bierstedt and Bonet showed
that (L1) and (L2) imply the conditions (P1) and (P2) (see [7]).
A function f defined on an interval of the real line is called almost decreasing (respectively
almost increasing) if there is C > 0 such that x < y implies f (y) Cf (x) (respectively f (x)
Cf (y)). By [15, Lemma 1(a)], a radial weight v on D satisfies (L1) for a certain ε0 if and only
if it satisfies the following condition (U) of Shields and Williams (see [31, p. 5]): There is q > 0
such that for the function ψ , ψ(t) := 1
v(1−1/t) for t  1, t → ψ(t)tq is almost decreasing. In fact,
ε0 and q depend on each other. On the other hand, [15, Lemma 1(b)] implies that a radial weight
v on D satisfies (L2) for a certain ε0 and a certain k(0) if and only if v satisfies the following
condition (L) of Shields and Williams (see [31, p. 5]): There is p > 0 such that, for the function ψ
defined above, t → ψ(t)
tp
is almost increasing. Again, ε0 and k(0) depend on p and vice versa.
Shields and Williams called weights satisfying both (L) and (U) normal weights.
First we want to give some examples of concrete increasing sequences W = (wn)n∈N of
strictly positive continuous radial weights on D which belong to the class W .
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(a) wn(z) = (1−|z|)
max( 34 ,(1−|z|)n)
, z ∈ D, for every n ∈ N. Obviously W is an increasing sequence of
strictly positive continuous radial functions on D. For each n ∈ N we obtain
lim
r→1−wn(r) = limr→1−
(1 − r)
max( 34 , (1 − r)n)
= 0.
It remains to check conditions (L1) and (L2). Choose ε0 = 14 and k(0) = 1. We get
inf
k
wn(rk+1)
wn(rk)
= inf
k
1
2
max( 34 ,2
−nk)
max( 34 ,2−n(k+1))
= 1
2
 ε0
for every n ∈ N. Hence (L1) is satisfied. Moreover, for every n ∈ N we have
lim sup
k→∞
wn(rk+1)
wn(rk)
= 1
2
< 1 − ε0
and finally (L2).
(b) wn(z) = n(1 − |z|) for every n ∈ N. Obviously W satisfies all the required properties for
ε0 = 14 and k(0) = 1, but this sequence yields in fact a Banach space. Each normed space is
quasinormable, hence it satisfies the density condition.
For more examples of weights satisfying (L1) and (L2) we refer to [24,25]. Next we need
some auxiliary results.
Proposition 6. (Peris [29, Proposition 1]) Let E be a Fréchet space and (Un)n∈N a decreasing
fundamental sequence of 0-neighborhoods in E. Then the following are equivalent:
(a) E has the density condition.
(b) For every sequence (λk)k∈N of strictly positive numbers and every n ∈ N there are m(n) > n
and a sequence (λ(n)k )n∈N of strictly positive numbers with
m(n)⋂
k=1
λkUk ⊂
s⋂
k=1
λ
(n)
k Uk +Un for every s ∈ N.
Lemma 7. Consider the following condition:
(∗) for every sequence (ξk)k∈N of strictly positive numbers and for every n ∈ N there are
m(n) > n and a sequence (ξ (n)k )k∈N of strictly positive numbers such that
m(n)⋂
k=1
ξkCk,0 ⊂
s⋂
k=1
ξ
(n)
k Ck,0 +
(
2c2 +D2
)
2CCn,0 for every s ∈ N,
where c is the constant of the estimate before (P1), C of (P1) and D2 = D(wn) as in (P2). If (∗)
is satisfied, then HW0(D) has the density condition.
Proof. We fix a sequence (λk)k∈N of strictly positive numbers as well as n ∈ N and put ξk :=
(2c2 + D2)2Cλk for every k ∈ N. (∗) yields m(n) > n and a sequence (ξ (n)k )k∈N of strictly
positive numbers with
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k=1
(
2c2 +D2
)
2CλkCk,0 =
m(n)⋂
k=1
ξkCk,0 ⊂
s⋂
k=1
ξ
(n)
k Ck,0 +
(
2c2 +D2
)
2CCn,0
⊂
s⋂
k=1
(
2c2 +D2
)
2Cξ(n)k Ck,0 +
(
2c2 +D2
)
2CCn,0
for every s ∈ N, because (2c2 + D2)2C  1. Put λ(n)k := ξ (n)k for every k ∈ N. Since ((2c2 +
D2)2CCk,0)k∈N is a 0-neighborhood base in HW0(D), Proposition 6 yields the claim. 
Lemma 8. (Bierstedt–Bonet [4, Remark 1.5(e)]) Let E be a separable Fréchet space and F a
dense subspace of E. Assume that F has the density condition. Then E also satisfies the density
condition.
The converse of this lemma is not true. In [13] Bonet and Dierolf constructed examples of re-
flexive and quasinormable Fréchet spaces such that there is a non-distinguished dense subspace.
Theorem 9. Let W = (wn)n∈N be an increasing sequence of weights on D in the class W such
that HW0(D) contains the polynomials. The following are equivalent:
(a) HW0(D) has the density condition.
(b) HW(D) satisfies the density condition.
(c) For every sequence (λk)k∈N of strictly positive numbers and every n ∈ N there are m(n) > n
and a sequence (λ(n)k )k∈N of strictly positive numbers with
m(n)⋂
k=1
λkCk ⊂
s⋂
k=1
λ
(n)
k Ck +Cn for every s ∈ N.
(d) For every sequence (μk)k∈N of strictly positive numbers and every n ∈ N there are m(n) > n
and a sequence (μ(n)k )k∈N of strictly positive numbers with(
min
1km(n)
μk
wk
)∼
 min
1ks
μ
(n)
k
wk
+ 1
wn
on D for every s ∈ N.
(e) For every sequence (ξk)k∈N of strictly positive numbers and every n ∈ N there are m > n
and w ∈ W such that(
min
1km
ξk
wk
)∼
w + 1
wn
on D.
Proof. (a) ⇔ (c). This is Proposition 6.
(a) ⇔ (b). By [8] we have Cw = Cw,0 for every w ∈ W radial. Thus, we can apply Proposi-
tion 4 to obtain the desired equivalence.
(b) ⇒ (e). We have Bn = Bn,0 and Bn = Cn for every n ∈ N (see [8]). Hence Proposition 1
implies (e).
(e) ⇒ (d). See Proposition 2.
Thus it remains to show:
(d) ⇒ (a). By [8] the space P of polynomials is dense in HW0(D). Hence it is enough to
consider only polynomials. We have to show that (d) implies (∗) of Lemma 7. We fix a sequence
538 E. Wolf / J. Math. Anal. Appl. 329 (2007) 530–546(λk)k∈N of strictly positive numbers and put μk := λk for every k ∈ N. Choose n, m(n) and
(μ
(n)
k )n∈N as in (d). We fix p ∈ P ∩ (
⋂m(n)
k=1 μkCk,0). Hence |p|  min1km(n) μkwk , or equiva-
lently |p| (min1km(n) μkwk )∼ on D. (d) implies (min1km(n)
μk
wk
)∼ min1ks
μ
(n)
k
wk
+ 1
wn

max(min1ks 2μ(n)k wk,
2
wn
) on D.
Now, we put u := min(max1ks wk2μ(n)k ,
wn
2 ). u belongs to the class W , and we have
|p|
(
min
1km(n)
μk
wk
)∼
max
(
min
1ks
2μ(n)k
wk
,
2
wn
)
= 1
u
.
Hence u|p|  1 on D. Put κ1 := 12 , κ2 := 12 , u1 := max1ks wkμ(n)k , u2 := wn, i.e. u =min(κ1u1, κ2u2).
We have p =∑∞n=0(Rn+1 − Rn)p = R1p +∑∞n=1(Rn+1 − Rn)p, and the sum is finite. We
first treat the term R1p.
By the condition before (P1) and the estimate on u|p|, we get
u(r1) sup
|z|=r1
∣∣R1p(z)∣∣ cu(r1) sup
|z|=r1
∣∣p(z)∣∣ c.
We select i ∈ {1,2} with u(r1) = κiui(r1). From the second inequality in (P1), applied to the
polynomial R1p and u, and once more the condition before (P1), we conclude
sup
z∈D
ui(z)
∣∣R1p(z)∣∣ C sup
n
ui(rn)
(
sup
|z|=rn
∣∣(Rn+1 −Rn)R1p(z)∣∣)
= Cui(r1) sup
|z|=r1
∣∣(R2 −R1)R1p(z)∣∣
= C(κi)−1u(r1) sup
|z|=r1
∣∣(R2 −R1)R1p(z)∣∣
 2cC(κi)−1u(r1) sup
|z|=r1
∣∣R1p(z)∣∣
 2c2C(κi)−1.
This implies R1p ∈ 4Cc2⋂sk=1 μ(n)k Ck,0 or R1p ∈ 4Cc2Cn,0.
To treat the other term p − R1p =∑∞n=1(Rn+1 − Rn)p, we first apply the first inequality in
(P1) for u and the estimate for u|p| to get
u(rn)
(
sup
|z|=rn
∣∣(Rn+2 −Rn−1)p(z)∣∣) C. (4)
We can write N as a disjoint union J1 ∪ J2 such that
u(rj ) = κ1u1(rj ) forj ∈ J1 and u(rj ) = κ2u2(rj ) for j ∈ J2.
Now put, for i = 1,2, gi =∑n∈Ji (Rn+1 − Rn)p, which is a polynomial; clearly p − R1p =
g1 + g2. We fix i ∈ {1,2} and let pin := (Rn+2 − Rn−1)p for n ∈ Ji and pin := 0 otherwise. The
properties of the sequence (Rn)n∈N imply
gi =
∑
(Rn+1 −Rn)(Rn+2 −Rn−1)p =
∞∑
(Rn+1 −Rn)pin,
n∈Ji n=1
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sup
z∈D
ui(z)
∣∣gi(z)∣∣= sup
z∈D
ui(z)
∣∣∣∣∣
∞∑
n=1
(Rn+1 −Rn)pin
∣∣∣∣∣.
Since only a finite number of the pin are non-zero and all the weights belong to the class W , we
can apply (P2) and the estimate (4) to conclude
sup
z∈D
ui(z)
∣∣gi(z)∣∣Di sup
n
(
sup
|z|=rn
∣∣pin(z)∣∣)ui(rn)
Di sup
n∈Ji
(
sup
|z|=rn
∣∣pin(z)∣∣)ui(rn)
= Di sup
n∈Ji
(
sup
|z|=rn
∣∣(Rn+2 −Rn−1)p(z)∣∣)ui(rn)
Di(κi)−1 sup
n∈Ji
(
sup
|z|=rn
∣∣(Rn+2 −Rn−1)p(z)∣∣)u(rn)
Di(κi)−1C.
This yields g1 ∈ 2D1C⋂sk=1 μ(n)k Ck,0 and g2 ∈ 2D2CCn,0. Thus
p = R1p + g1 + g2 ∈
s⋂
k=1
2C
(
2c2 +D1
)
μ
(n)
k Ck,0 + 2C
(
2c2 +D2
)
Cn,0.
Put λ(n)k := (2c2 +D1)2Cμ(n)k and obtain the claim. 
Remark 10. As stated above each normed space satisfies the density condition. For examples of
Fréchet spaces which do not satisfy the density condition we refer to Section 4.
In the sequel we want to show that under some assumptions HW0(D) has the density condition
if and only if it has condition (DCo) of Peris–Rivera (see [30]). We use the condition (DCO) of
Heinrichs (see [18]) which is equivalent to (DCo).
Definition 11. Let F be a metrizable space and (Uk)k∈N be a countable basis of absolutely
convex 0-neighborhoods in F . F is said to satisfy (DCO) if for every sequence (λk)k∈N of
strictly positive numbers and every n ∈ N there are m ∈ N and a bounded operator T ∈ L(F)
such that
(id − T )
(
m⋂
k=1
λkUk
)
⊂ Un.
A Fréchet space E with (DCo) also has the density condition (see [30]).
Lemma 12. (Peris–Rivera [30]) Let E be a separable Fréchet space and F a dense subspace
with (DCo). Then E also enjoys (DCo).
Lemma 13. Let W = (wn)n∈N satisfy the following condition:
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m ∈ N and a bounded operator T ∈ L(HW0(D)) such that
(id − T )
(
m⋂
k=1
ξkCk,0
)
⊂ (2c2 +D2)2CCn,0,
where c is the constant of the inequation before (P1), C the constant of (P1) and D2 = D(wn)
as in (P2). Then HW0(D) satisfies (DCo).
Proof. We fix a sequence (λk)k∈N of strictly positive numbers as well as n ∈ N and put ξk :=
(2c2 + D2)2Cλk for each k ∈ N. By (∗∗) we can select m ∈ N and a bounded operator T ∈
L(HW0(D)) such that
(id − T )
(
m⋂
k=1
ξkCk,0
)
= (id − T )
(
m⋂
k=1
(
2c2 +D2
)
2CλkCk,0
)
⊂ (2c2 +D2)2CCn,0.
Since ((2c2 +D2)2CCk,0)k∈N is a 0-neighborhood base in HW0(D), we get the claim. 
Proposition 14. Let W = (wn)n∈N ⊂W be an increasing sequence of weights on D such that
the space P of polynomials is dense in HW0(D) and V := { 1w ; w ∈ W } is a subset of W . Thefollowing are equivalent:
(a) HW0(D) has the density condition.
(b) HW0(D) has (DCo).
Proof. (b) ⇒ (a). This follows from the definition (see [30, remarks after Definition 8]).
(a) ⇒ (b). By [9] the assumptions yield that the polynomials are dense in HW0(D). We want
to show that W = (wn)n∈N enjoys condition (∗∗).
Since HW0(D) has the density condition, for every sequence (ξk)k∈N of strictly positive num-
bers and every n ∈ N there are m ∈ N and w ∈ W with
min
1km
ξk
wk
w + 1
wn
on D.
Now, the proof is analogous to the proof of Theorem 9. Using the same notations we write
Tip :=∑∞n=1(Rn+1 − Rn)pin for i ∈ {1,2} and obtain T1p ∈ 2D1CCw,0 and T2p ∈ 2D2CCn,0.
Thus
p = R1p + T1p + T2p ∈
(
2c2 +D1
)
2CCw,0 + 2D2CCn,0 or
p = R1p + T1p + T2p ∈ 2D1CCw,0 +
(
2c2 +D2
)
2CCn,0.
We distinguish the following cases:
Case 1. We assume u(r1) = κ1u1(r1) and define T :P → P by T (p) = R1p + T1p. Then we
obtain
(id − T )
(
m⋂
k=1
ξkCk,0 ∩P
)
⊂ 2D2C(Cn,0 ∩P) and
T
(
m⋂
ξkCk,0 ∩P
)
⊂ (2c2 +D1)2C(Cw ∩P) ∈ B(P).
k=1
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(id − T )
(
m⋂
k=1
ξkCk,0 ∩P
)
⊂ 2D2C(Cn,0 ∩P) ⊂ ε(Cn,0 ∩P) and
T
(
m⋂
k=1
ξkCk,0 ∩P
)
⊂ 2D1C(Cw,0 ∩P) ∈ B(P).
Thus, P and HW0(D) have (QNo). 
For examples of sequences W = (wn)n∈N ⊂W such that V belongs to the class W we refer
to [33].
The following is a special case of Bierstedt [3, Satz 3.5(1)]).
Theorem 15. (Bierstedt [3, Satz 3.5(1)]) Let U1 = (u1,k)k∈N, U2 = (u2,k)k∈N, . . . , Um =
(um,k)k∈N be increasing sequences of strictly positive continuous and radial functions on D.
If
W :=
m⊗
i=1
Ui =
{
m⊗
i=1
ui,k, k ∈ N
}
,
then
HW0
(
D
m
)= H(U1)0(D) ⊗˜ε · · · ⊗˜ε H(Um)0(D).
Since the tensor product of two Fréchet spaces with (DCo) also satisfies (DCo) (see Peris–
Rivera [30]) we get the following consequence.
Corollary 16. Let U1 = (u1,k)k∈N, U2 = (u2,k)k∈N, . . . , Um = (um,k)k∈N be increasing se-
quences of strictly positive continuous and radial functions on D such that each H(Ui)0(D)
contains the polynomials. HW0(Dm) = H(U1)0(D) ⊗˜ε · · · ⊗˜ε H(Um)0(D) satisfies (DCo) if and
only if each H(Ui)0(D) has (DCo).
4. Examples of non-distinguished Fréchet spaces of type HW(G)
As stated before for Fréchet spaces the density condition implies distinguishedness. Based on
an idea of Bonet–Vogt (see [14]) in this section we give examples of weighted Fréchet spaces
HW(G) of holomorphic functions which are not distinguished, and hence do not have the density
condition. Before we construct these examples we want to explain what happens in the case of
o-growth conditions.
Proposition 17. (Bierstedt–Bonet [6, Proposition 10]) Let Cw = Cw,0 for every w ∈ A ⊂ W such
that (Cw)w∈A forms a basis of the bounded subsets of HW(G). Then HW(G) = (HW0(G))′′bb and
HW0(G) is distinguished.
Now, let us turn to the case of O-growth conditions. For a compact subset K of C which is
the closure of its interior, we denote by A(K) the Banach algebra of all holomorphic functions
on the interior of K which have a continuous extension to the whole set K .
In this section we make the following assumptions:
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(b) There is a discrete sequence (zj )j∈N in ∂G of different peak points of A(K) (see [19])
converging to an element z∞ of ∂G.
(c) W = (wn)n∈N is an increasing sequence of strictly positive continuous weights on G such
that each wn has a continuous extension un to K \ {z∞} and such that for every n ∈ N there
is bn > 0 with |un| bn on K \ {z∞}.
(d) The Köthe matrix A = (an)n∈N is defined by an(j) := un(zj ) for every n, j ∈ N. W.l.o.g. we
may assume a1(j) 1 for every j ∈ N.
Let
λ∞(A) :=
{
x = (xj )j∈N; pn(x) := sup
j∈N
an(xj )|xj | < ∞ ∀n ∈ N
}
.
Endowed with the topology given by the sequence (pn)n∈N of seminorms, λ∞(A) is a Fréchet
space. A 0-neighborhood base is given by ( 1
n
En)n∈N where
En :=
{
x ∈ λ∞(A); pn(x) 1
}
, n ∈ N.
W.l.o.g. we may assume that (En)n∈N is a 0-neighborhood base of λ∞(A).
We need some auxiliary results.
Proposition 18. (Garnir, De Wilde, Schmets [16]) Let E be a complete locally convex space and
T ∈ L(E) be an operator such that there is U ∈ U0(E) with (T − id)(U) bounded in E and
(T − id)(U) ⊂ αU for 0 < α < 1. Then T is an isomorphism onto.
Proposition 19. (Horváth [21, Proposition 2.7.3]) Let E and F be two topological vector spaces
and f a continuous linear map from E into F . There exists a continuous linear map g from F
into E such that g ◦ f is the identity idE from E onto itself if and only if f is an injective strict
morphism and f (E) has a topological complement in F .
Theorem 20. The space λ∞(A) is isomorphic to a complemented subspace of HW(G).
Proof. By continuity we select, for each j ∈ N, a closed neighborhood Uj of zj in K such that
Uj ∩Ui = ∅ for i = j , limj→∞ diamUj = 0 and
1
2
u(zj ) un(z) 2un(zj ) ∀1 n j ∀z ∈ Uj ∩G. (5)
We choose a sequence (εj )j∈N with
0 < εj < a1(j)2−j−1 ∀j ∈ N and
∑
j∈N
εj =: ε < ∞. (6)
By (b), for every j ∈ N there is gj ∈ A(K) with gj (zj ) = 1 and |gj (z)| < 1 for every z ∈ K ,
z = zj . If we denote by Cj the closure of K \ Uj , then gj is a continuous function on the
compact set Cj , and the sequence (|gj |k)k∈N of powers is a decreasing sequence of continuous
functions on Cj such that limk→∞ gk(z) = 0 for every z ∈ Cj .j
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z ∈ Cj . We put, for each j ∈ N, ej := gk(j)j . Then, for every j ∈ N,
ej ∈ A(K), ej (zj ) = 1 and
∣∣ej (z)∣∣ εj ∀z ∈ K \Uj . (7)
Now, since limz→zj ej (z) = ej (zj ) = 1 for every j ∈ N, we can find an open subset Vj of Uj ∩G
with ∣∣∣∣ 1μ(Vj )
∫
Vj
ej (z) dμ(z) − 1
∣∣∣∣ εj and infz∈Vj wk(z) > 0. (8)
Here μ denotes the Lebesgue measure. By assumption and (5) the following holds:
(i) supz∈Uj∩G wk(z) 2ak(j) ∀k, j ∈ N,
(ii) ak(j) 2 infz∈Vj wk(z) ∀k, j ∈ N.
We define the (obviously linear) maps
ψ :λ∞(A) → HW(G), ψ(x) :=
∑
j∈N
xj ej ,
φ : HW(G) → λ∞(A), φ(f ) :=
(
1
μ(Vj )
∫
Vj
f (z) dμ(z)
)
j∈N
.
We claim that both are well defined and continuous. We first prove it for ψ . We fix x ∈ λ∞(A).
There is C > 0 with |xj |  Ca1(j)−1 for every j ∈ N. For every z0 ∈ K , z0 = z∞, there are
j0 and a neighborhood W of z0 which does not intersect Uj for j  j0. If z belongs to this
neighborhood W , we have∑
jj0
∣∣xj ej (z)∣∣ C ∑
jj0
a1(j)
−1εj  C
∑
jj0
2−j−1,
and the series defining ψ(x) converges (absolutely and) uniformly on W . This implies ψ(x) ∈
H(G), and it is continuous on K \ {z∞} for every x ∈ λ∞(A). In order to check ψ(x) ∈ HW(G)
and the continuity of ψ , we fix n ∈ N. W.l.o.g. we may assume supj∈N an(j)|xj |  1 for x ∈
λ∞(A). For z ∈ G, there are two possible cases.
Case 1. z does not belong to any Uj . Then
wn(z)
∣∣∣∣∑
j∈N
xj ej (z)
∣∣∣∣wn(z)∑
j∈N
|xj |
∣∣ej (z)∣∣ bn∑
j∈N
|xj |εj
 bn
∑
j∈N
|xj |a1(j)2−j−1  bn sup
j∈N
a1(j)|xj |
∑
j∈N
2−j−1
 bn sup
j∈N
a1(j)|xj |.
Case 2. z is an element of Uj0 for some j0. Then
wn(z)
∣∣∣∣∑ xj ej (z)∣∣∣∣wn(z)∣∣xj0ej0(z)∣∣+wn(z)∑∣∣xj ej (z)∣∣
j∈N j =j0
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∑
j =j0
|xj |εj
 2Ca1(j0)|xj0 | + bn sup
j =j0
a1(j)|xj |
 (2 + bn) sup
j∈N
a1(j)|xj |.
From this the conclusion follows.
We prove now that φ is also well defined and continuous. Given f ∈ HW(G) we show φ(f ) ∈
λ∞(A) (and the estimates also yield the continuity). For each k ∈ N and each j ∈ N we have
ak(j)
1
μ(Vj )
∣∣∣∣ ∫
Vj
f (z) dμ(z)
∣∣∣∣ 2 1μ(Vj )
∫
Vj
wk(z)
∣∣f (z)∣∣dμ(z)
 2 sup
z∈G
wk(z)
∣∣f (z)∣∣< ∞.
In the sequel we apply Proposition 18 to T = φψ . We have to show that T satisfies the assump-
tions of Proposition 18. It is easy to see that, if x = (xj )j ∈ λ∞(A), then by the estimates already
shown for the continuity of ψ , (φψ − id)(x) =: (yj )j satisfies
yj =
(
1
μ(Vj )
∫
Vj
ej (z) dμ(z) − 1
)
xj +
∑
k =j
xk
μ(Vj )
∫
Vj
ek(z) dμ(z)
for every j ∈ N. We can now apply (7) and (8) to conclude
|yj |
∣∣∣∣ 1μ(Vj )
∫
Vj
ej (z) dμ(z)− 1
∣∣∣∣|xj | +∑
k =j
|xj |
μ(Vj )
∣∣∣∣ ∫
Vj
ek(z) dμ(z)
∣∣∣∣
 εj |xj | +
∑
k =j
|xk| sup
z∈Vj
∣∣ek(z)∣∣∑
k∈N
εk|xk|,
and the latter series converges. Indeed, since x ∈ λ∞(A) and (6) we have∑
k∈N
εk|xk|
∑
k∈N
2−k−1|xk|a1(k) 12p1(x).
First we have to show that (φψ − id)(E1) is bounded in λ∞(A): We fix x ∈ E1 as well as k ∈ N.
Then
sup
j∈N
ak(j)|yj | bk sup
j∈N
|yj | bk2 p1(x)
bk
2
.
Hence, (φψ − id)(E1) ⊂ 2bk Ek , and the conclusion follows. It remains to observe that we have
also shown (φψ − id)(E1) ⊂ 12E1. By id|E1 = (φψ)(φψ)−1 = φ(ψ(φψ)−1) and Proposition 19
the claim follows. 
Theorem 21. For every λ∞(A) there is a sequence W = (wn)n∈N of strictly positive continuous
functions on D such that λ∞(A) is a complemented subspace of HW(D).
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and define a second Köthe matrix A′ = (a′n)n∈N by a′n := ana = ( an(j)aj (j) )j for every n ∈ N. Then
an(j)
aj (j)
 1 for every j  n, and each a′n is bounded by
λn := max
(
1,
an(1)
a1(1)
, . . . ,
an(n− 1)
an−1(n− 1)
)
and a′1(j) 1 for every j ∈ N. Obviously λ∞(A) ∼= λ∞(A′). Since A′ and D satisfy all the nec-
essary assumptions we can construct a sequence W = (wn)n∈N of strictly positive continuous
functions on D such that each wn has a continuous extension un to D\{z∞} with un(zj ) = a′n(zj )
and such that for every n ∈ N we can find bn > 0 with |un| bn on D \ {z∞}. An application of
Theorem 20 yields the conclusion. 
The next result is due to Bastin, Bierstedt, Bonet and Meise, see [2,4,10].
Theorem 22. (Bastin [2, Corollary 5], Bierstedt–Bonet [4, Theorem 2.6], Bierstedt–Meise [10,
Theorem 2.3]) Set A = (an)n∈N be a Köthe matrix on a discrete space X. The following asser-
tions are equivalent:
(a) λ∞(A) is distinguished.
(b) λ1(A) is distinguished.
(c) A = (an)n∈N has condition (D).
The following example is taken from [32, Example after Corollary 4].
Example 23. (Vogt [32]) Consider the Köthe matrix A = (an)n∈N on N × N given by an =
(an(k, j))k,j∈N with
an(k, j) :=
{
jk, n k,
jn, n > k.
Then λ∞(A) is not distinguished. Moreover, we can find an increasing sequence W = (wn)n∈N
of weights such that λ∞(A) is a complemented subspace of HW(G) (see Theorem 21). Hence
HW(G) is not distinguished.
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